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the Hermitian set 



We derive a relationship between two different notions 
of fidelity (entanglement fidelity and average fidelity) for a 
completely depolarizing quantum channel. This relation- 
ship gives rise to a quantum analog of the MacWilliams 
identities in classical coding theory. These identities relate 
the weight enumerator of a code to the one of its dual and, 
with linear programming techniques, provided a powerful 
tool to investigate the possible existence of codes. The same 
techniques can be adapted to the quantum case. We give 
examples of their power. 
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The discovery of error correcting codes |l|,|2j for quan- 
tum computers has revolutionized the field of quan- 
tum information. Although quantum computing holds 
great promise, it is plagued by the fragility of quan- 
tum information &-|q]. Quantum error correction is a 
technique which enables one to encode quantum infor- 
mation in a robust way and therefore overcome this 
fragility. 

It is important to classify codes in order to know 
what is the most compact way to encode a number 
of qubits against a given number of errors. Vari- 
ous techniques have been used to discover such codes 
p|,|6|-pT|. In the classical theory a very powerful tech- 
nique for looking for the existence of codes is the use 
of MacWilliams identities [HJ . They relate the weight 
distribution of a code to the weight distribution of its 
dual code. These relationships can be used with linear 
programming to find bounds on how good quantum 
codes can be and to test whether potential good codes 
can exist [p| . 

In this letter we give a quantum analog to the weight 
distributions which obey the (classical) MacWilliams 
identities. We use these identities to derive the non- 
existence of some codes. For example we will show 
that there is no degenerate 5 bit code which encodes 
1 qubit of information and corrects for a general 1 bit 
error; this implies that the perfect code of |g|Jl0[| is the 
best that can attained in this respect. We will also 
show that there is no 9-bit code which encodes 1 qubit 
of information and corrects for a general 2 qubit error. 

Let us first introduce a basis of operators given by 



for all ...k and where is chosen from the set of 
Pauli matrices augmented by the identity, acting on 
the n th qubit. Note that all elements of £ give the 
identity when multiplied by their Hermitian conjugate. 
We define the set Ed as the subset of £ containing 
exactly d Pauli matrices different from the identity, and 
we call it the set of distance d. 

In a system interacting with an environment, errors 
(differences from the original state) can be classified as 
bit flip, sign flip or bit and sign flip jl]]|] corresponding 
to the three Pauli matrices. The set £ corresponds to 
all possible effects due to independent environments. 
If we assigned an equal probability of (1 — p)/3 every 
time a Pauli matrix appears in a member of £ an initial 
state pi would therefore evolve as 



Pf 



1 



JP ) n-d{E) Ep . E ^ 



(2) 



where pf is the final state and d(E) is the distance of 
the operator E. 

We now define two weights Ad and Bd on operators 
Oi, O2, where d ranges from to n, as 
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where the sum is over all Ed of distance d. 
We define the weight enumerator as 
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and a similar equation for B. The MacWilliams identi- 
ties are relationships between the weight enumerators 
A(z) and B{z) given by 

, , trOitrOo . , , 1 — z . 
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[These are MacWilliams identities for codes over for 
GF(4)]. The proof uses the expansion Oi in term of 
the set £ as 
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We can rewrite Bd as 
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It is easy to convince yourself that we must have 
D = D' for the trace tr(EdDE^ dD') to be non-zero 
as otherwise there would be a Pauli matrix operating 
on at least one qubit. We can now see how to relate 
B d to a sum of Ad' by deriving the coefficient for every 
D of weight d' which is equal to 
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for D G £. To prove the relationship we need to prove 
it for only one element D of distance d! as all the oth- 
ers can be reached by permutations of the qubits and 
transformations which are tensor products of 1-qubit 
unitary transformations. Eqs. (3-4) are invariant under 
these transformations. 

We will be interested in the case where 01 = 02 = 
P c , where P c is a projection operator defining a quan- 
tum code. For 2 qubits the coefficient are given by 
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from which we deduce the relationship 
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In general, 
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where the s'th term in the sum comes from consider- 
ing the case in Eq® where there are exactly s qubits 
on which Pauli matrices act in Ed and in D simul- 
taneously. Eq. ( |l4| ) is the standard expansion of the 
MacWilliams identity in terms of Krawtchouk polyno- 
mials |ll| and the MacWilliams identity ® then fol- 
lows from this expansion. 



The origin of this relationship can be traced back to 
the fact that the matrix Hij = trEiEjEiEj is propor- 
tional to a Hadamard matrix. As in the classical case, 
it is a "coarse grained" version of which enters 
Eq.®. 

In the case where P c is a projection operators in the 
subspace defined by the set of states {cj} we can rewrite 
the weights as 
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^From the Cauchy-Schwartz inequality we deduce 
that these are non- negative numbers with Bd > Ad- 
This is because the B's are defined as a sum of the 
modulus squared of every element of the operators of 
weight d projected on the code while the ^4's are the 
squared modulus of a sum. 

For a depolarizing channel with probability of dis- 
tance 1 error being (1 — p), the weight enumerator A 
has the physical interpretation that p n A((l —p)/3p) is 
the fidelity of entanglement |l7j . This is the probabil- 
ity that a completely entangled state constructed from 
the basis states of the code remains intact after going 
through the channel. The physical interpretation of B 
is that p n B((l — p) /3p)/tr(P c ) is the average fidelity 
[ 17] , i.e., the average probability over the states of an 
incoherehnt ensemble given by P c going through the 
channel and giving the same states. 

Necessary and sufficient condition for the quantum 
code C to correct [d/2\ errors are [§J that for all basis 
elements \c a ), \cb) (a ^ b) of P c 
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for all elements Ed' of distance less or equal to d. For 
a degenerate code i.e. when ( |l7| ) is non-zero], we can 
deduce from Eqs. @||) that A d ' = B d > for 1 < d' < 
d, and these quantities are zero for a non-degenerate 
code. Thus the property of error correction restricts 
the possible form of the weights. The existence of non- 
negative weights is a necessary condition for a quantum 
error correcting code to exist. 

As a first example of the power of these inequalities, 
we look for the possible existence of a degenerate 5- 
bit code which protects 1 qubit of information against 
a general 1 qubit error. This implies we are looking 
for a code with n = 5 and k = 2 which satisfies the 
equations and inequalities 
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A + A 1 + A 2 + A 3 + A 4 + A 5 

tin = = An = 1 

o 16 
15A + HAi + 7A 2 + 3A 3 - Ai - 5A 5 

1 16 

45A + 2lAi + 5A 2 - 3A 3 - 3A 4 + 5A 5 
t>2 = g = A 2 

„ 135A Q + 27 A 1 - 9A 2 - 5A 3 + 7A 4 - 5A 5 

-°3 = g > ^3 

405A - 27Ai - 27A 2 + 21A 3 - 11A 4 + 5A 5 

-D 4 = > Aa 

16 ~ 
243A - 81Ai + 27A 2 - 9A 3 + 3A 4 - A 5 

i>>; = > Ak. 

16 - 

This is a set of linear equations and inequalities in 
the Ai, which can easily be solved using linear pro- 
gramming techniques. We find that the only solu- 
tion is given by Ai = (1,0,0,0,15,0) and therefore 
Bi = (1,0,0,30,15,18). This is the unique solution 
and since A\ = A 2 = it corresponds to a non- 
degenerate code. Thus no degenerate code exists for 
5 bits. An explicit code with this weight enumerator 
was found in |^Jl0[|. 

In a similar way, we can also show that it is not 
possible to find a code which protects 1 qubit of infor- 
mation against 2 errors using n — 9 qubits. A solution 
of the Macwilliams identities exists for codes mapping 
1 qubit into n = 10 qubits; however an extension of 
the techniques in this paper based on classical shadow 
code techniques rules this possibility out as well |Ts| ]. 
The smallest possible code protecting against two er- 
rors thus would map 1 qubit into n — 11 qubits; such 
a code was constructed in [ p~3| . 

Both possibilities eliminated above would have re- 
quired degenerate quantum codes. These might have 
allowed to find more compact codes than would have 
been expected from an analogy to classical codes. A 
systematic study of the MacWilliams identities for 
n < 30 jl3] shows that this is not the case. The most 
compact codes appear not to be degenerate. It will be 
interesting to know if this holds as n — > oo. 

In conclusion, we have derived the quantum ana- 
log of the MacWilliams identities which give necessary 
conditions for the existence of codes. We have demon- 
strated the power of these identities by showing the 
non-existence of certain degenerate codes using linear 
programming techniques. The quantum Macwilliams 
identities will lead to a strong bound on the existence 
of quantum codes as the number of qubits grows large. 
This will be important to understand the capacity of 
noisy quantum channels p9| , pTt 
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